Abstract: Group consensus problems of multi-agent systems in directed networks with fixed and switching topologies are addressed in this note. Under mild assumptions, necessary and/or sufficient conditions of group consensus are derived, based on algebraic graph theories and matrix theories. For the fixed topology case, the group consensus can be guaranteed by the Hurwitz stability of coefficient matrices. For the switching topology case, the group consensus is proved to be equivalent to the asymptotical stability of a class of switched linear systems under arbitrary switching signal. A simulation result is provided to demonstrate the effectiveness of the theoretical results.
INTRODUCTION
The multi-agent distributed coordination problems have been intensively investigated, since the theoretical framework of consensus problems for multi-agent networks was posed and solved by Olfati-Saber and Murray (OlfatiSaber and Murray (2003, 2004) ) building on the earlier work Fax (2001) and Fax and Murray (2004) . This is partly due to broad applications of multi-agent networks in many areas such as biology (e.g., aggregation behavior of animals (Reynolds (1987) )), physics (e.g., collective motion of particles (Vicsek et al. (1995) ; Jadbabaie et al. (2003) )), engineering (e.g., cooperative control of unmanned air vehicles (Beard et al. (2002) ; Liu and Zou (2010) ), formation control (Fax (2001) ; Fax and Murray (2004) ; Lafferriere et al. (2005) ), scheduling of automated highway systems (Bender (1991) ), coordination/formation of underwater vehicles (Smith et al. (2001) ), and attitude alignment of satellite clusters and congestion control in communication networks (Paganini et al. (2001) ; Low et al. (2002) )), etc.
In recent years, there has been a tremendous amount of interest in consensus problems of multi-agent systems. Zhu and Martinez (2010) proposed a class of discretetime dynamic average consensus algorithms, the convergence analysis of which relied upon the input-to-output stability property of discrete-time static average consensus algorithms in the presence of external disturbances. Sun and Wang (2009) , based on a tree-type transformation, investigated consensus problems in three cases, for continuous-time multi-agent systems in directed networks with dynamically changing topologies and nonuniform time-varying delays. Necessary and sufficient conditions of mean square average-consensus under measurement noises and fixed topologies were derived by combining the tools of algebraic graph theory and stochastic analysis in Li and Zhang (2009) 
In cooperative control, the agents in a group must achieve agreement even if changes took place. As a result, a phenomena frequently occurs that agreements are different with the changes of environments, situations, cooperative tasks or even time. Consequently, a critical problem is to design appropriate protocols or algorithms such that agents in a network reach more than one consistent states Wang (2009a,b, 2010) ). This style of consensus is said to "group consensus" in Wang (2009a,b, 2010) , which concerns on a network which is divided into multiple sub-networks, and all agents in it are divided into multiple groups consequently, where the information exchange exists between not only two agents in a group but also in different groups. Furthermore, the aforementioned consensus is a special case of the group consensus. Based on graph theories and matrix theories, algebraic criterions of group average consensus for multi-agent systems with undirected and fixed topology are established in Yu and Wang (2009b) . Wang (2009a, 2010) extended results in Yu and Wang (2009b) to the case containing both switching topology and communication delay by using double-tree-form transformations. However, a common assumption is given in Wang (2009a,b, 2010) , that is, the sum of adjacent weights from every node in one group to all nodes in another group is equal to zero at any time. This assumption is too rigorous in practice, because the adjacent weights of the node under the assumption must be equal to zero in some cases even if there exists communication among groups. For this, several simple examples are presented to demonstrate this phenomenon in this note (see Fig. 1 and Fig. 2 ).
According to the assumption in Wang (2009a,b, 2010) , the topologies (a)-(d) are equivalent to (e) in Fig.  1 ; and the topologies (i)-(iv) are equivalent to (v) in Fig.  2 , that is, there does not exist communication between two groups. So the assumption in Wang (2009a,b, 2010) excludes many types of topologies, which limits largely its Fig. 1 . The undirected topology case Fig. 2 . The directed topology case application scope. In this note, the assumption in Wang (2009a,b, 2010 ) is relaxed, and it only need that the sum of adjacent weights from every node in one group to all nodes in another group is identical at every time. Consequently, some results in Wang (2009a,b, 2010) are extended, and the obtained results in this note encompass ones as certain special cases. Moreover, for the fixed and directed topology case, the group consensus can be guaranteed by the Hurwitz stability of coefficient matrices. For the switching and directed topology case, the group consensus is proved to be equivalent to the asymptotical stability of a class of switched linear systems under arbitrary switching signal.
The paper is organized as follows. Section 2 formulates the problem. Main results are given in Section 3. To illustrate our theoretical results, a simulation is provided in Section 4. Finally, some conclusions are drawn in Section 5.
Throughout this paper, 0 represents zero matrix with an appropriate dimension;
T ∈ R m ; A>0( < 0) means that matrix A is symmetric positive-definite (negative-definite); diag{·} denotes a block-diagonal matrix.
PROBLEM FORMULATION
Let G =( V , E (G ), A (G )) be a directed weighted graph of order n with the set of nodes V = {v 1 ,v 2 , ··· ,v n }, set of edges E (G ) ∈ V × V , and a weighted adjacency matrix
n×n . The node indices belong to a finite index set I = {1, 2, ··· ,n}.A ne d g eo fG is denoted by e ij =(v i ,v j ). The adjacency elements associated with the edges of the graph are real, i.e., e ij ∈ E (G ) ⇔ a ij =0 . Moreover, we assume a ii =0f o ra l li ∈I . The set of neighbors of the node v i is denoted by
T is referred to as a network (or algebraic graph) with value x ∈ R n and topology (or information flow) G . Suppose each node of a graph is a dynamic agent with dynamicṡ
is said to be a protocol with topology G if the cluster
Murray (2004)).
Specifically, assume that I 1 = {1, 2, ··· ,n 1 }, I 2 = {n 1 + 1,n 1 +2, ··· ,n 2 },w h e r en 1 ,n 2 > 1a n dn 1 + n 2 = n. The definition of group consensus is presented as follows: Definition 1. Wang (2009a,b, 2010) ) Consider the multi-agent system described by (1). The protocol (2) is said to solve asymptotically a group consensus problem if for any initial state x(0) ∈ R n , the states of agents satisfy
Without loss of generality, a network (G ,x)w i t hn + m (n, m > 1) agents indexed by 1, 2, ··· ,n+ m is considered in this note. The topology
T . The dynamics of the agent i evolve according tȯ
where u i (t) is the control input.
In the sequel, we simplify notation by omitting explicit time dependence unless otherwise mentioned.
Denote
∈ E : i, j ∈ I k }, and the weighted adjacency matrices
Therefore, the network (G ,x) can be seen as a network composed of two subnetworks (G 1 ,η 1 )and(G 2 ,η 2 ), in which information exchange exists not only between agents in every subnetwork but also in two sub-networks.
The objective of this note is to design appropriate protocols such that, in the presence of information exchange between the two groups, the first n agents reach a consistent state asymptotically while the last m agents reach another consistent state asymptotically.
MAIN RESULTS
In this section, group consensus problems of the network (G ,x) consisting of n + m (n, m > 1) agents described by (3) are discussed under the fixed topology and switching topology cases, respectively.
Networked Multi-agent Systems with Switching Topology
In the subsection, the group consensus problem for the networked multi-agent system (3) with directed and switching topology is investigated.
Assume that there is an infinite sequence of bounded, non-overlapping, continuous time-
G N } as a set of the graphs with all possible topologies, and P = {1, 2, ··· ,N} as its index set. To describe the variable interconnection topology, we define a switching signal ̺(t):[ 0 , ∞) → P, which is piecewiseconstant. Then G ̺(t) =( V , E (G ̺(t) ), A (G ̺(t) )) represents the topology of the networked multi-agent system ( 3 )a tt i m et;
) are the topologies of two subnetworks associated with G ̺(t) , where
So the connection weight a ij (t)( i, j =1 , 2, ··· ,n + m) are also time-varying. Moreover, Laplacian L(G ̺(t) )a ssociated with the switching interconnection graph G ̺(t) is time-varying (switched at t i , i =0 , 1, 2, ···), but it is time-invariant in any interval [t i ,t i+1 ),i=0, 1, 2, ··· .
For the networked multi-agent system (3), the following protocol is designed in the switching topology case:
where a ij (t) ∈ R for all i, j ∈ I ,a n dN
Under protocol (4), the state vector of system (3) evolves according to the following linear time-varying systeṁ
where
a 2,n+1 (t) a 2,n+2 (t) ··· a 2,n+m (t) ··· ··· ··· ··· a n,n+1 (t) a n,n+2 (t) ··· a n,n+m (t)
L(G 1 (̺(t))) and L(G 2 (̺(t))) are Laplacian matrices of subgraphs G 1 (̺(t)) and G 2 (̺(t)), respectively; Assume that protocol (4) satisfies the following assumptions:
where α(t)a n dβ(t) are real-valued function about t. Remark 1. We only need that the sum of adjacent weights from every node in one group to all nodes in another group is identical at every time in Assumption 1. However, it is not necessary that α(t) ≡ 0a n dβ(t) ≡ 0, which implies that the conditions in Wang (2009a,b, 2010) are relaxed. Let e(t)= e 1 (t) e 2 (t) , where
It is easily obtained that
where R 1 =[1 n−1 −I n−1 ]a n dR 2 =[1 m−1 −I m−1 ]. Theorem 1. Under the Assumption 1, system (5) reduces to the following systeṁ
where ̺(t):[0, ∞) → P is a piecewise-constant switching signal and
Proof. Under the Assumption 1, A(t)1 m = −α(t)1 n and B(t)1 n = −β(t)1 m hold.
It is easily to know that det R 1 = n, det R 2 = m. So R 1 , R 2 and R are inverse. Note that R 1 1 n =0,andR 2 1 m =0.It follows from (5) and (7) that
The proof is completed.
The following theorem illustrates the relationship between solving asymptotically the group consensus by protocol (4) and convergence of the system (8). The proof is straightforward and hence is omitted. Theorem 2. Consider the networked multi-agent system (3) with directed and switching topology G ̺(t) =( V , E (G ̺(t) ), A (G ̺(t) )). Protocol (4) solves asymptotically the group consensus problem if and only if every solution of the system (8) tends to zero under arbitrary switching signal ̺(t).
It is well known that the convergence, (global) asymptotic stability, and (global) exponential stability are all equivalent for switched linear systems under arbitrary switching (Lin and Antsaklis (2009) ). Theorem 3. Consider the networked multi-agent system (3) with directed and switching topology
. Protocol (4) solves asymptotically the group consensus problem if and only if the switched system (8) is asymptotically stable under arbitrary switching signal ̺(t).
Networked Multi-agent Systems with Fixed Topology
In the directed and fixed topology G =( V , E (G), A (G)) case, the protocol (4) and Assumption 1 will remain to be used for the networked multi-agent system (3). Towards this, the protocol (4) and Assumption 1 are reduced to the following forms:
where a ij ∈ R are time-invariant for all i, j ∈ I .
Assumption 2.
(1)
where α and β are constant. Remark 2. Different from protocols in Wang (2009a,b, 2010) , not only a ij (or a ij (t)) ∈ R for all i, j ∈ Φ △ = {(i, j): i ∈ I 1 ,j ∈ I 2 }∪{(i, j): i ∈ I 2 ,j ∈ I 1 }, but also it is allowed that a ij (or a ij (t)) ∈ R for all i, j ∈ I k , k =1 , 2, under protocol (4) and (9). This provides additional flexibility in applications (Sun and Wang (2009); Xiao and Boyd (2004) ). Remark 3. It should be noted that α and β merely satisfy to be constant in Assumption 2. However, it is not necessary that α and β are both equal to zero, which implies that the conditions in Wang (2009a,b, 2010) are relaxed.
Because the fixed topology is a special case of the switching topology, the state vector of system (3) subjected to the protocol (9) is described the following linear time-invariant systemẋ
where L(G 1 )a n dL(G 2 ) are Laplacian matrices of subgraphs
A and B are defined analogously as (6), in which a ij (t) just need be changed into a ij , i, j =1, 2, ··· ,n+ m.
In the light of Theorem 1, the following conclusion is obvious. Corollary 1. Under the Assumption 2, system (10) reduces to the following systeṁ e(t)=Φ G e(t),
On the basis of the definition of the group consensus, it is easy to get the following result. Theorem 4. Consider the networked multi-agent system (3) with fixed topology G =( V , E (G), A (G)). Then the following statements are equivalent:
(i) Protocol (9) asymptotically solves the group consensus problem; (ii) lim t→∞ e(t) = 0 holds for any initial state x(0) ∈ R n+m ,w h e r ee(t) satisfies (11). (12) is Hurwitz stable.
The following theorem indicates that Hurwitz stability of Φ G is solely determined by the system matrix H G ,w h i c h further shows that the group consensus depends on joint effects of the agents' dynamic structures and the topology of the network. Theorem 5. Let
where U 12 ∈ R n×(n−1) and U 22 ∈ R m×(m−1) are arbitrary matrices satisfying that U 1 and U 2 are orthogonal matrices, respectively. Then Φ G is Hurwitz stable if and only if Ψ G is Hurwitz stable, where
Furthermore, Hurwitz stability of Ψ G is independent of U 12 and U 22 .
Proof. Let
Then RU = 0 R 1 U 12 00 000 R 2 U 22 .
Because R 1 and R 2 are full row rank, it is easy that R 1 U 12 and R 2 U 22 are inverse matrices. Then
Therefore, Φ G is similar to Ψ G , which implies that Φ G is Hurwitz stable if and only if Ψ G is Hurwitz stable.
Next we prove that Hurwitz stability of Ψ G is independent of U 12 and U 22 .
We select arbitrarily matrices U 12 ∈ R n×(n−1) and
are orthogonal matrices, respectively. Then there exist orthogonal matrices T 1 ∈ R (n−1)×(n−1) and T 2 ∈ R (m−1)×(m−1) such that U 12 = U 12 T 1 and U 22 = U 22 T 2 .
Let
That is, Ψ G is similar to Ψ G , which implies that Ψ G is Hurwitz stable if and only if Ψ G is Hurwitz stable. Therefore, Hurwitz stability of Ψ G is independent of U 12 and U 22 . The proof is completed.
As is well known, the existence of a common quadratic Lyapunov function for all its subsystems assures the quadratic stability of the switched system under arbitrary switching. And quadratic stability implies asymptotic stability. Therefore, the following sufficient condition is obtained easily. Corollary 2. Consider the networked multi-agent system (3) with switching topology G ̺(t) =( V , E (G ̺(t) ), A (G ̺(t) )). Protocol (4) solves asymptotically the group consensus problem if there exists a matrix P>0s u c h that condition (a) or (b) below holds:
Proof. The result can be obtained easily in the light of Theorem 3 and Theorem 5. So the proof is omitted.
SIMULATION
In this section, a numerical simulation is presented to illustrate the effectiveness of the proposed methods.
For the networked multi-agent system (3) with 4 agents (m = n = 2), we study the group consensus problem under protocol (4). The total simulation time is 5s and information exchange topology is arbitrarily switched at every 0.05s among two graphs G 1 and G 2 in Fig. 3 . This paper addressed group consensus problems of networked multi-agent systems with fixed and switching topologies, respectively. The more topology structures are considered by relaxing appropriately the assumption in Wang (2009a,b, 2010) , and obtained results will be applied more broadly, which encompass some ones in Wang (2009a,b, 2010) as certain special case. For the fixed and directed topology case, the group consensus can be guaranteed by the Hurwitz stability of coefficient matrices. For the switching and directed topology case, the group consensus is proved to be equivalent to the asymptotical stability of a class of switched linear systems under arbitrary switching signal. Finally, a simulation result is provided to demonstrate the effectiveness and feasibility of the theoretical results.
